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Abstract. Let B be the Lie algebra with basis {Lij, C\i,j £ Z} and relations [Li jjL^i] = 
((j + l)k — i(l + l))Li + kj + i + i5i-kSj+i-2Ci [C, = 0. It is proved that an irreducible highest 

weight £>-module is quasifinite if and only if it is a proper quotient of a Verma module. For an 
additive subgroup T of F, there corresponds to a Lie algebra £>(T) of Block type. Given a total 
order >- on T and a weight A, a Verma £>(r)-module M(A, y) is defined. The irreducibility of 
M(A,y) is completely determined. 
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§1. Introduction 

Since a class of infinite dimensional simple Lie algebras was introduced by Block [B], 
generalizations of Block algebras have been studied by some authors, partially because 
they are closely related to the Virasoro algebra or algebras associated quantum plane 
(e.g., [DZ, LW, OZ, S1-S4, SZ, XI, X2, ZM]). 

For an additive subgroup T of a field F of characteristic 0, we consider in this paper 
the Lie algebra B(Y) of Block type with basis {L ai , C | a € T, i € Z} and relations 

[L a ,ii Lpj] = ((i + 1 )/3 — (j + l)a)L a +pj+j + aS ai —pSi-^j—2C, . . 

[C,L a>i ] = 0. 

This particular Block type Lie algebra attracts our attention because it is also a special 
case of Cartan type S Lie algebras (e.g., [X, SX1]), or Poisson (or Hamiltonian) algebras 
(e.g., [X, S6, SX2]). One of our motivations to study representations of this Lie algebra 
is to better understand representations of Lie algebras of 4 families of Cartan type. 

The Lie algebra £>(T) is T-graded (but not finitely graded): 

£>(T) = ^^H(r) a , where B(Y) a = span{L aji | i £ Z} + J Qj 0 FC'. (1.2) 
aer 

Note that £>(T) 0 is an infinite dimensional commutative subalgebra of B{Y) (but it is not 
a Cartan subalgebra). For a total order “ V” on Y compatible with its group structure (in 
case T = Z, we always choose the normal order on Z), we denote T± = {x £ Y \ ±x >- 0}. 
Then Y = r + u{o}ur_, and we have the triangular decomposition 

B(Y) = B{Y)_ © B{Y) 0 © B(T)+, where B(Y) ± = 0 B(Y) a . 

± a >-0 
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Thus we have the notion of a Verma module M( A, >-) with respect to a function, called 
a weight, A G £>(T)q (the dual space of £>(r) 0 ) and the order ‘V” (cf. (2.1)). 

A weight A is described by the central charge c = A (C) and its labels A t = A(L 0 ,i-i) 
for i 6 Z. For j G Z, we introduce the j-f/i generating series 

oo . 

a a ’W = Edr zi - < L3 > 

i=0 

A function A(z) is called a quasipolynomial if it is a linear combination of functions of the 
formp(^)e az , where p(z) G F[z], a G F. Recall [KL, KR] the well-known characterization 
that a formal power series is a quasipolynomial if and only if it satisfies a nontrivial linear 
differential equation with constant coefficients. 

A £>(r)-module V is quasifinite if V is finitely T-graded, namely, 

V = V a with B(T) a Vp C V a+ p, dimVk < oo for a, (5 G T. 

aer 

Quasifinite modules are closely studied by some authors, e.g., [KL, KR, KWY, LZ, 
S3, S4], Quasifinite irreducible modules over the Lie algebras £>'(r) are proved to be a 
highest or lowest weight module in [S5], where 

B\T) = span{L Q j, C \ a G T, i > —1} (1.4) 


is a subalgebra of B{Y). 

Since each grading space f?(r) Q in (1.2) is infinite-dimensional, the classification of 
quasifinite modules is a nontrivial problem as pointed in [KL, KR], Thus the classification 
of graded modules with infinite dimensional grading spaces is a nontrivial problem as 
well. 

The main results in this paper are the following. 

Theorem 1.1 Suppose V is an irreducible highest weight B(Z)-module of weight A. 
The following statements are equivalent: 

(1) V is quasifinite; 

(2) V is a proper quotient of the Verma module M{ A, y); 

(3) E^z) := zA^\z) — j ^(z) — jjzi is a quasipolynomial and satisfies the 
same nontrivial linear differential equation with constant coefficients for all j G Z. 

Theorem 1.2 Let M(A,y) be the Verma B(T)-module with highest weight A (cf. (2.1)). 
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(1) With respect to a dense order “ y” ofT ( cf. (2.8)) 


M( A, y) is irreducible ■*=?■ A ^ 0. 

Moreover, in case A = 0, the submodule 

M'(0, y) = Efc>0 ,a u -,a k eG+ FL -m,u ''' L -a k ,i k v o is irreducible 
4=^ \/x,y£ r+, 3n e Z + such that nx y y. 

(2) VFif/i respect to a discrete order “ (cf. (2.9)), 

M(A,y) is irreducible B(aZ) -module M a (A,y) is irreducible. 


§2. Proof of the main result 

Let T be any additive subgroup of F. Denote by U — U(B(T)) the universal envelop¬ 
ing algebra of £>(r). For any A e £>(r)g, let /(A, >-) be the left ideal of U generated by 
the elements 

| a 8 0,i G Z} U \li — A(h) • 11 h £ f?(r)g]-. 

Then the Verma B(Y)-module with respect to the order “ is defined as 

M(A,y) = U/I(A,y), (2.1) 

which has a basis consisting of all vectors of the form 


L_ Qliil L_ a2ji2 • • • L_ akAk v A , where ij e Z, 0 -< op a k , 

and i s y is+i if &s- t-i* 


( 2 . 2 ) 


where v\ is the coset of 1 in M( A, ©). Thus M( A, y) is a highest weight B{Y)-module 


in the sense 

M(A, y) = © a ^oAf Q , (2-3) 

where M 0 = Fva, and M a for a -< 0 is spanned by vectors in (2.2) with ay+- • • +ak = —a. 
So it is a. T-graded £>(r)-module with 

dimM_ a = oo for a G T + . (2.4) 

For any a € T, we denote 

£>(aZ) = span{L nci) k,C \ n,k GZ}, (2.5) 

which is a subalgebra of B(Y) isomorphic to B( Z). We also denote 

M a ( A, >-) = £>(aZ)-submodulc of M(A, y) generated by v\. (2.6) 
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Denote 

B(a) = {(3 G T| 

0 -< (3 -< a} for a G T + . 

(2.7) 

The order “ 

is called dense if 




#£(«) = 

00 for all a G T+, 

( 2 . 8 ) 

it is discrete if 

B(a) = 0 

for some a G T + . 

(2.9) 


Theorem 1.2 is an analog of a result in [WS] (where the Lie algebras B'(T) were 
considered instead of £>(T)). Since the proof is similar to that in [WS], we omit the 
detail. 

Now suppose T = Z, and from now on, we shall only consider the Lie algebra 

B = B(Z). (2.10) 

The Lie algebra B has a nice realization in the space Ffar* 11 , t ±:L ] © FC by setting 

L tJ = x l t J+l for any i,j G Z, 

with the bracket 

[x l f(t),x J g(t)] = x' +3 (Jf'(t)g(t) + iS^Restr 1 f(t)g(t), ( 2 . 11 ) 

for i,j G Z and f(t),g(t) G F[t ±1 ], where the prime stands for the derivative and 
Res* fit) stands for the residue of the Laurent polynomial /(£), namely the coefficient of 
t~ l in f(t). Denote by M(A) the Verrna 15-module with highest weight vector v^, and 
by L(A) = M(A )/M' the irreducible highest weight module of weight A, where M' is 
the maximal proper submodule of M(A). Set 

A — {a G B | av a G M'} and V = A + B 0 . ( 2 . 12 ) 

Clearly, B + C A, and V is a subalgebra of B. 

Theorem 1.1 will follow from the following proposition. 

Proposition 2.1 The following conditions are equivalent: 

( 1 ) M(A) is reducible. 

( 2 ) # { 0 }. 

(3) There exists 0 7 ^ f(t ) = J2'j l =0 CLjB G F[i] for some m G N and G F. such that 
(where a-k = 0 if k>0 or k< —m) 

A((t k f(t)y - a_ k C) = 0 for all ke Z. (2.13) 
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(4) E^(z) := zA^^^z) — j J ^(z) — jjzi is a quasipolynomial and satisfies the 
same nontrivial linear differential equation with constant coefficients for all j 6 Z. 

(5) L(A) is quasifinite. 

Proof. We shall follow some arguments in [SI]. 

(1) (2): Assume M' 0. Similar to the proof in [WS], we can prove that V is a 
parabolic subalgebra of B, namely, 

V D B 0 + B + V, and V^=Vn B_ x 0. 

(2) (3): Let fit) be the rnonic ploynomial, called the characteristic polynomial of 
V, with minimal degree such that x^ 1 fit) G V (cf. [SI, KL]). Set a = x _1 /(t). Then 
from 

[t~ 1 ,x~ 1 tf(t)]=x~ 1 t~ 1 f(t), [t k ,x~ 1 f(t)\ — —kx~ 1 t k ~ 1 f(t) for keZ, (2.14) 

we have V-\ = x _1 /(t)F[t ±1 ]. Write f{t) = ^fjLo a fi J for some m G N and a, G F. From 
definition (2.12), we see M' is a proper submodule. We have b ■ av a = 0 for all b G B + . 
In particular 

[xt k , x~ l f{t)]v\ = A (—(t k f(t))' + a_fcC) = 0 for all k G Z. 

(3) (4): Suppose we have (2.13). LIsing e zt = 4^ as a generating series of 

F [t], noting that f(t)e zt = f(-^)e zt , by (2.13) and (2.11), we have (recall that the prime 
stands for 41, and the definition of A ?(-) in (1-3)), 

0 = A ((f(t)t~ j e zt y - Res f(t)e zt C) 

= a ((/(Z)rV‘)') - ReSt t-i-y(fLy‘ c 
= A(-i/(i)r'-V + S(ff)zt-ie“) - /(4)lc 
= -j/(4))A(r’-V) + - 1(f) j 

= /(L)E« ) ( 2 ) forjeZ. (2.15) 

Namely, T,^\z) is a quasipolynomial by the statement after (1.3). 
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(4) (5): Assume we have (2.15). It suffices to prove V-i has finite codimension 

in B-i for all i > 0. For this, we only need to prove V-i ^ 0 for all i > 0 (then we can 

proceed as in (2.14) to prove V-i has finite codimension). 

First from definition (2.12), a G V-\ if and only if b ■ a ■ v\ = 0 for all b G £fi. Then 
from (2.15), one has 

x~H j f{t) G V-i for all j G Z, (2-16) 

this is because xt k ■ x _1 B f(t) ■ v\ — 0 for all k G 1, i.e., B\ ■ x~ l P f{t) ■ v\ = 0. In 

particular, from (2.16), one has V-\ ^ 0. Assume that V^i ^ 0 and 0 ^ x~ l g{t ) G V _j. 
Then 

x~ l - 1 (-ijt 3 - 1 f(t)g(t) -it?f(t)g(t) +t 3 f(t)g'(t)) = [x^t 1 f(t),x~ l g(t)] G V-i- 1 , 
for all j G Z. In particular, V-i- 1 ^ 0. 

(5) (1): It follows from (2.4). □ 
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